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1. INTRODUCTION 
Let R be a Noetherian local ring, i? its completion. The invariant d(R) 
is defined as follows: Write I? = S/a, where S is a regular local ring, then 
d(R) = ~(a) - (dim S - dim R). 
Here ~(a) is the minimal number of generators of a. 
It is well known that d(R) does not depend on the representation fi = Sja: 
By definition, R is a complete intersection, if d(R) = 0. We shall say that 
R is an almost complete intersection, if d(R) = 1 (the name was introduced 
in [l]). 
Complete intersections are always Gorenstein rings. The purpose of 
this note is to prove that the class of rings, which are almost complete 
intersections, and the class of Gorenstein rings are disjoint. 
PROPOSITION 1.1. If R is an almost complete intersection and K& the 
canokcal module of fi (i.e., Kg = Estst(& S), urhere t = dim S - dim R)? 
then Kd is not a free I?-module. 
From this follows Corollary 1.2. 
COROLLXW 1.2. If R is an almost complete intersection, then R is ltot a 
Gorensteiz ring. 
Since for Gorenstein rings Ka E I? (see [3], for instance). 
* The author wishes to tfiank J. Herzog for many interesting discussions in 
connection with this subject. 
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2. PROOF OF 1.1 
PROPOSITION 2.1. Let R = S/a, where S is a regular local ring, and 
d(R) = 6. Let E = K(a; S) be the Kosxul-complex for a minimal system 
of getzerators a = {aI ,..., a,} of the ideal a. Then 
(a) H,(E) = 0 for p > 8. 
(b) H,(E) E fh . 
Proof It is known that (up to an isomorphism) K(a, S) does not depend 
on the choice of the minimal system of generators of a. It is also known that 
a minimal system of generators {a1 ,..., at , n,,, ,..., a,,,} can be chosen such 
that a, ,..., a, is a maximal regular sequence contained in a (here t = 
dim S - dim R). 
For a system of this type let Ri = S/(a, ,..., a,,,) and Ei = K(a, ,..., at+i ; S) 
(; = O,..., S). Then H,(E,) = 0 for p > 0 and H&E,) = R, s KR, , since 
R, is a complete intersection. So Proposition 2.1 is true for R, . We show 
by induction on i that it is true in general. 
By [5, Chapter IV, Proposition l] we have esact sequences for all p 3 0 
0 - H,(K(a,+i) 0 fML)) - KiEi) - WK(at+i) 0 fLV-Ld> - 0. 
I f  the proposition is true for Ei,, then we conclude that H,(E,) = 0 for 
p > i and 
ffi(Ei) GZ HJK(at+d C3 KR~-,> E Hom&Ri t KR~J 
Since RiPI and Ri have the same dimension 
HomR,-,(R, , GtiJ G KQ [3,5.141. 
COROLLARY 2.2. R is an almost complete intersection 23 H,(E) = 0 
for P 3 3, H,(E) f 0. 
Assume now that R is an almost complete intersection and at the same 
time KR a free R-module. Apply 2.1 to & instead of R. Then H,(E) is a free 
A-module. By a theorem of Gulliksen [2, Proposition 1.4.91 this would 
imply that a is generated by a regular sequence, which is absurd, since 
d(R) = 1. 
One can give an alternative proof for 1 .I avoiding Gulliksen’s theorem. 
If Kg is a free a-module, then necessarily Kx G 8. So, if R is an almost 
complete intersection, then H,(E) = R, H,(E) = fi . [a], where [CL] is the 
homology class of a certain cycle 01 in E, H,(E) = 0 for p > 1. It is easy 
to see that DL E nE, where n is the maximal ideal of S. Adjoin a variable T 
to E in order to kill the cycle CL With the notation of [6] let 
E’ = E(T), dT = oi. 
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Since T is of degree 2, E,’ f  0 for all p >, 0; furthermore dE’ C nE’, 
Iterating Tate’s process of adjoining variables in order to kill cycles in a 
proper wzy, one can construct a mi?zinzal S-free resolutionF, of the S-module 
8, such that F, # 0 for allp > 0. This is, however, a contradiction, since 8, 
as an S-module, has finite projective dimension. 
3. AN APPLIC~ZTION TO COMPLETE INTERSECTEONS 
First we make a remark on the ideal theory of Gorenstein rings. For a 
Cohen-Macaulay ring R let r(R) be the type of R, i.e., 
r(R) = dim, ExtRll(kr R), 
where k is the residue field of R and n = dim R. 
PROPOSITION 3.1. Let R be a Gorensteilz r&g and st alz ideal of R, such 
tkat dim R = dim R/a and R/a is a Colzelz-Macaulay rilzg. Let arm(a) dezzote 
tke annilzilator of a. If  a f  (0), we Izave: 
(a) ann(ann(a)) = a. 
(b) Rjann(a) is also a Colzen-Macazzlay ring. 
(c) p(ann(a)) = r(R/a), p(a) = r(R/ann(a)). (p = minimal lzzcnzber of 
generators). 
l%oof. Since arm(a) y  Hom,(R/a, R), we see by [3, Corollary 6.bc] 
that arm(a) is a Cohen-Macaulay module with the same Krull dimension 
as R. 
Consider the exact sequence 
0 --f Hom,(R/ann(a), R) - Hom,(R, R) - Eomx(am$a), R) 
--f Est,l(R/ann(a), R) - 0. 
Here Hom,(R/ann(a), R) s ann(ann(a)) and by [3, Corollary 6,8c] 
Hom,(ann(a), R) g Rja. 
So we obtain the exact sequence 
o + ann(ann(a)) -+ R -h R/a - Ext,l(R/ann(a), R) + 0. 
Consequently, ann(ann(a)) L a. But a C ann(ann(a)) is always true. So we 
obtain (2). Furthermore, Ext,r(R/ann(a), R) = 0. 
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From the exact sequence of the local cohomology we conclude (with 
n = dim R = dim(ann(a))) that 
H”(R/ann(a)) = 0 (p = o,..., 11 - 2). 
By the local duality theorem 
Hom,(H”-l(R/ann(a)), I) G Ext,l(R/ann(a), R) = 0. 
Here .Z is the injective hull of the R-module k. So H+r(R/ann(a)) = 0 and 
R/arm(a) is a Cohen-Macaulay ring. 
(c) is a special case of [3, 6.101, since arm(a) is the canonical module 
of R/a and a = ann(ann(a)) the canonical module of R/arm(a). 
COROLLARY 3.2. For each integer ~z > 1 there exists a Noetherian local 
ying R, which is a Cohen-Macaulay ring with r(R) = n and an almost complete 
intersection. 
Proof. Let (R, m) be a zero-dimensional complete intersection with 
embedding dimension fz. Choose a E R, a # 0 such that m . a = 0. By 3.1 
r(R/(a)) = p(ann(a)) = p(m) = ?z 
and R/(a) has the desired properties. 
PROPOSITION 3.3. Let R be a complete intersection, a E R, a # 0. Then 
the following conditions are equivalent: 
(a) R/(a) is a Gorenstein ring. 
(b) arm(a) is principal. 
(c) R/(a) is a complete intersection. 
If  one of these conditions is satisjied, then Rjann(a) is also a complete intersection. 
Proof. Obviously we may assume that a is a zerodivisor of R. (a) ++ (b) 
follows from 3.1. If  R/(a) is a Gorenstein ring, then R/(a) is a complete 
intersection, for otherwise it would be an almost complete intersection, 
which is impossible by 1.2. So we have (a) +-+ (c). The last statement of the 
proposition follows again from 3.1. 
4. AN APPLICATION TO SEMIGROUPS OF NATURAL NUMBERS 
Let S be an additive semigroup of natural numbers with 0 E S and which 
contains an element c such that c + N C S. S is finitely generated and has 
a unique minimal system of generators s, ,..., s,, . The set of relations 
%Sl + 0.. + nprz = 0 h E w 
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is also finitely generated (see [4] for more details). Let p be the minima’, 
number of generators for the relations. 
Form the “semigroup ring” k[Sj = (Csss a$” I a, E k}: where K is an 
arbitrary field and ‘j& a,ts a formal power series in a variable t over k. 
k[Sj is a one-dimensional Noetherian local domain of embedding dimension 1 
and d(KaSj) = p - (I - I). Furthermore, K[S]l is a Gorenstein ring iff S 
is symmetric (see [4]). From 1.2 we conclude the following. 
PROPOSITION 4.1. I f  the minimal number of generators of S equals the 
minimal lrumber of generators of the relations of S, tlaen S canrzot be a symmetric 
semigroup. 
The author does not know a direct proof of 4.1 and some similar proposi- 
tions on semigroups of natural numbers, which can be derived from local 
algebra. 
Note added in proof. Corollary 1.2 was obtained independently also by 
D. Buchsbaum and D. Eisenbud, see Theorem 1.1 of their paper: Remarks on ideals 
and resolutions, to appear in Symp. Math. 
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